By revealing an underlying relation between the Dzyaloshinskii-Moriya interaction (DMI) and the scalar spin chirality, we have developed the theory of magnon thermal Hall effects in antiferromagnetic systems. The dynamic fluctuation of the scalar chirality is shown to directly respond to the nontrivial topology of magnon bands. In materials such as the jarosites compounds KFe3(OH)6(SO4)2 and veseignite BaCu3V2O8(OH)2 in the presence of in-plane DMI, the time-reversal symmetry can be broken by the fluctuations of scalar chirality even in the case of coplanar q = 0 magnetic configuration. The spin-wave Hamiltonian is influenced by a fictitious magnetic flux determined by the in-plane DMI. Topological magnon bands and corresponding nonzero Chern numbers are presented without the need of a canted non-coplanar magnetic ordering. The canting angle dependence of thermal Hall conductivity is discussed in detail as well. These results provide a clear principle of chirality-driven topological effects in antiferromagnetically coupled systems.
I. INTRODUCTION
Topological excitations of quantum matter are the subject of extensive interest in condensed matter physics. They have been theoretically predicted and experimentally observed in electron systems [1] [2] [3] [4] [5] . Topological band structure of electrons can be probed by the Hall effect, linked to the Berry curvature throughout the Brillouin zone [6, 7] . In principle, the concept of topological band theory is independent of the statistical nature of (quasi-)particles. Therefore, the concepts of topological excitations can be extended to neutral bosonic systems such as photons [8] [9] [10] , phonons [11] [12] [13] [14] [15] [16] , and magnons [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . For spin systems, the magnons do not experience a Lorentz force, which usually drives the electronic Hall effects, but a thermal version of the Hall effect induced by a temperature gradient [17] . The thermal Hall effect has been confirmed experimentally in insulating pyrochlore [18] and kagome ferromagnets [24, 25] .
Ordered magnetic insulators with topological magnons as the analogue of Chern insulators requires inherently to break time-reversal symmetry (TRS) [1] . In the most cases without applied external magnetic fields, the TRSbroken state is closely related to the (scalar) spin chiralitŷ χ ijk = S i · (S j × S k ) [36, 37] . For ferromagnets, Katsura et al. showed that the scalar spin chirality, emerging in the form of ring exchange, provides a fictitious magnetic field for the magnons [17] . In the low temperature limit, the thermal Hall conductivity κ xy is found to be linearly dependent on the fictitious magnetic flux. In Refs. [26, 38] , Lee et al. generalized the intimate connection between the spin chirality and the Hall-like transport in purely spin systems (including paramagnetic and spinliquid regimes) based on the linear response theory. On * cljia@lzu.edu.cn the other hand, for antiferromagnets such as frustrated kagome magnets, a noncoplanar spin configuration with finite averaged scalar spin chirality χ ijk breaks TRS spontaneously and macroscopically and is believed to respond to the nontrivial topology and the corresponding magnon Hall effect [39, 40] . However, a large magnon thermal Hall conductivity can be found even when the scalar spin chirality is very small [41] . This contradictory phenomena suggests that, unlike the cases of ferromagnets, the role of the spin chirality on magnon Hall effects in antiferromagnets still remains puzzling in many aspects.
In the present study, we show that the coplanar q = 0 magnetic structure on kagome antiferromagnets can give a finite thermal Hall effect if the in-plane DzyaloshinskiiMoriya interaction (DMI) exists. It is obviously that the non-coplanar spins with finite scalar chirality can't be regarded as the single source of topological magnon bands in frustrated antiferromagnets. One needs to investigate the underlying mechanism in more depth. Here we consider magnetically ordered insulating systems, the thermal transport is mainly carried by the quantized spin fluctuations (magnons). Therefore, it is worthwhile to conduct an investigation into the fluctuation of the scalar chirality up to the second order in δS i = S i − S i , i.e., δχ ijk = S i · (δS j × δS k ), which is more relevant to magnonic transport than does the scalar chirality χ ijk . Moreover, even if the scalar chirality χ ijk = 0, the fluctuation δχ ijk can have a finite value and break dynamically the TRS, leading to topological magnons. Similar to previous studies [17, 39, 41] , we examine the DMI term D jk · (S j × S k ), which is rewritten to include an effective ring exchange interaction of three neighbouring spins, ∼ K Φ /S [S i · (S j × S k )] and to introduce explicitly δχ ijk to the spin-wave Hamiltonian. We show that the component of DM vector (D jk ) parallel to the S i can lead to a finite magnetic flux K Φ and nontrivial topological effects. The perpendicular component, however, is irrelevant to the thermal Hall effect. Analogous to ferromagnetic systems, the principle (no-go theorem) [17] is generalised to rule out the magnon thermal Hall effect in coupled antiferromagnetic systems.
The article is organised as follows. In Sec. II we explicitly give out the relation between the DMI and the fluctuation of spin chirality, and emphasize the importance of effective magnetic flux K Φ ∼ D jk · S i . We show that the (exactly) coplanar spin configuration with an in-plane DMI can give rise to a non-zero K Φ and induce the nontrivial topology. In Sec. III we introduce the spin model with the in-plane DMI for the kagome antiferromagnets and substantiate the topological nature of magnon bands based on the Holstein-Primakoff method. In Sec. IV the thermal Hall conductivity is calculated with different canting angles. Conclusions and discussions are given in Sec. V.
II. DZYALOSHINSKII-MORIYA INTERACTION AND SPIN CHIRALITY
As pointed out by Katsura et al. in Ref. [17] , there is a coupling between the scalar chirality and magnetic fields through the ring exchange process, which, we believe, is the primary interaction source of magnon topological effects in spin systems. In order to get such TRS-broken three-spin interactions in a spin Hamiltonian with the (two-spin) DMI, we decompose the DM vector as,
where D ij represents the component whose direction aligns with the third contiguous spin S k that is determined uniquely through the (cyc. perm.) triangularbond ∆ ijk . D ⊥ ij describes the transverse deviation from S k . If D ij = 0, the DMI can be mapped effectively onto a ring exchange interaction as,
where [17, 24, 25] . However, the fictitious magnetic flux K Φ does not always exist due to the dot product between D ij and S k , especially in the antiferromagnetic systems.
As an example, let's revisit the antiferromagnetic honeycomb lattice with out-of-plane DMI, as shown in Fig. 1(a) . In the case of collinear spins, the DMI of six bonds can be classified into two classes (corresponding the blue △ and red ▽ in Fig. 1(a) ,
where η is the angle between the spin plane and the honeycomb plane. Clearly, the scalar chirality fluctuation of upward-pointing triangle △ cancels out the contribution from the downward-pointing triangle ▽. No matter which value η takes, one always has the total K Φ = 0, which implies that the out-of-plane DMI can't serve as the coupling field in the spin-wave Hamiltonian. However, for the case with non-collinear spin configuration as shown in Fig. 1(b) , the cancellation doesn't occur,
where η is redefined for the angle between the corresponding spin moment S k and the honeycomb plane. Now K Φ ∝ sin(η), which deduces that the thermal Hall conductivity is proportional to the canting angle η, in consistent with the previous results [42] . Similarly, the coupling magnetic flux in kagome antiferromagnets with • AFM (J + Dz) sin(η) [40] ∼ (J + Dz) sin(η) Non-coplanar chiral spin the out-of-plane DMI and the coplanar q = 0 state is zero because of the orthogonality between the DM vector D z and adjacent spin S k (cf. Fig. 1(c) ). For comparision, in Table I , we list topological properties of different spin configurations on honeycomb/kagome lattices in terms of the fictitious magnetic flux, along with previous studies in the literature. Now we turn to the research on the effect of in-plane DMI (D p ). For the coplanar q = 0 spin configuration on the kagome lattice (as shown in Fig. 1(d) ), the magnetic flux provided by the in-plane DMI can survive since the
Noted that the sign in Eq. (7) is opposite to the contribution given by the non-zero scalar chirality [40] . Consequently the coupling fields provided respectively by the in-plane DMI and the scalar chirality will weaken each other (in the Sec. IV we will discuss this cancellation in more detail). From the symmetry point of view, the socalled (non-coplanar) umbrella spins with non-zero scalar chirality χ ijk = 0 and a weak ferromagnetic moment breaks the TRS statically [41, 44, 45] . However, the fluctuation of scalar chirality δχ ijk can be finite from the mean-field argument even though χ ijk = 0 in the case of coplanar magnetic orders, Eq. (7) suggests a dynamically TRS-broken interaction in the spin-wave Hamiltonian. A finite topological magnon Hall effect is thus expected in the coplanar spin configuration with the inplane DMI.
III. SPIN MODEL AND TOPOLOGICAL MAGNONS
Let's consider the spin model on the frustrated kagome lattice, in which the DMI comes naturally because of lacking of an inversion center [46, 47] ,
where the first term contains the nearest-neighbour (NN) and the next-nearest-neighbour (NNN) antiferromagnetic interactions J 1 and J 2 , respectively. D ij = (0, D p , D z ) with D p and D z being the in-plane and the out-of-plane DMI for the bond (ij), respectively (cf. Fig. 2) . B is the normal magnetic field in units of gµ B . The influence of the DMI in the frustrated kagome lattice has been studied extensively. For the spin-1/2 case, both exact diagonalization method and the Schwinger bosons mean field theory have predicted a quantum transition between the quantum spin liquid with a small |D z | and the q = 0 Néel state as [48] [49] [50] [51] [52] . For higher spins, an ordered 120
• magnetic configuration is favorite in energy [44] . The out-of-plane DMI D z stabilizes the 120
• coplanar q = 0 spin structure [44] . Even if D z = 0, the coplanar structure can be equally stabilized by the NNN coupling J 2 [53] . Depending on the sign of D z , two vector chiralities can be allowed in the kagome lattice. As shown in Fig. 2 , we choose that D z > 0 corresponds to the positive vector chirality in the Ref. 44 . The in-plane DMI D p breaks mirror reflection symmetry with respect to the kagome plane and the global spin rotation symmetry [44, 45] . It prefers umbrella spins. However, the vector chirality that stems from the in-plane component D p is the same as the one selected by D z > 0. By taking spin S i as a classical vector, the canting angle of the 120
• spin structure up to the first order can be expressed by (see the Appendix A for details),
For a small η, Eq. (9) is a good approximation. It is obvious that one can eliminate the canting angle to recover the coplanar spin structure by balancing the inplane DMI with applied external magnetic field B = −2 √ 3SD p . Consequently, we have a very good opportunity to check immediately whether the dynamic δχ ijk (but with χ ijk = 0) can result in topological magnon bands or not.
The [54] . There are two evident features in the figures: (i) One Goldstone mode at the Γ point due to regaining of the SO(2) rotation symmetry by adjusting magnetic field B to compensate the canting angle induced by the in-plane D p . (ii) Finite gap appears in the rest of the Brillouin zone. It should be noted that these gaps do not go to zero in the thermodynamic limit even if they look very small.
In general, the dynamic δχ ijk is composed of three main contributions,
The corresponding fictitious magnetic flux reads
which is closely coupled to the z-polarized (magnon) spin current [38] . Evidently, the dynamic scalar chirality δχ ijk survives even at η = 0. Now the in-plane DMI becomes an only source of topological spin excitations in the q = 0 coplanar magnetic ordering, which possesses different mechanism from the one with non-coplanar magnetic configuration induced by external magnetic fields [39, 40] . Furthermore, the H Φ Dp won't disappear immediately even if the coplanar spins are deformed into the umbrella configuration. The influence of the in-plane DMI on the magnon bands of non-coplanar configuration will be discussed in Sec. IV.
In order to confirm the topological nature of magnons, the chiral edge states are demonstrated in the Fig. 4 using the strip geometry with open boundary conditions along y direction and infinite along x direction. We clearly see crossed chiral edge modes between the middle and lower bands from Fig. 4 (a) and (b) . This forcefully supports the existence of topological magnons driven by only the in-plane DMI. Another evidentiary quality of topological magnons is the non-zero Chern number of the bulk bands. Unlike electron systems, the Chern number of bosonic systems is not well-defined because of the lack of the Fermi surface and an evenly filled band. However, we can still calculate the Chern number for the n-th bulk band mathematically as
where Ω nk is the Berry curvature for bosonic Bogliubovde Gennes systems. Noted that the formula of Ω nk has to be modified accordingly (See Appendix B) [55] . The Chern numbers in Fig. 3 (a) and (b) are given as (+3, −1, −2) going from the lower, middle, and upper bands. When the D p drops to zero, both the gapless chiral edge modes and the Chern numbers will disappear. This is insofar conclusive: the non-trivial topological spin excitations of coplanar magnetic structures must be purely tied to the dynamic spin chirality given by the in-plane DMI (cf. also Eq. (7)). For comparison, the edge modes under the influence of D p with the large canting angle sin η = 0.4 are also shown in Fig. 4 (c) , which is almost as same as the case without D p in Ref. [40] . This seemingly suggests that the D p is negligible for the topological property of the non-coplanar spin configuration as in the previous studies [40] when the canting angle η is quite large. However, one should be careful about this conclusion because the Chern number is the feature of the entire Brillouin zone. Actually, the calculations show that the Chern number C n = (−1, +2, −1) for magnon bands with D p is different from C n = (−1, +4, −3) for the bands in the absence of D p . The change of Chern numbers stems from the symmetry breaking. As we mentioned, D p breaks the SO(2) spin rotation symmetry and tends to give rise to weak out-of-plane ferromagnetic component. As a result, the zero-energy Goldstone mode at the Γ point is lifted in the non-coplanar spins by the in-plane DMI. A new gap at the Γ point increases with the external field B. The "monopole" at the Γ-K line is dissolved as the magnetic field B reaches the threshold value. In Figure 5 , we demonstrate the substantial change happening in the magnon band structures and Berry curvature of the non-coplanar spins with/without D p .
IV. TOPOLOGICAL THERMAL HALL EFFECT
The thermal Hall effect is a powerful probe to unveil the topological nature of low-energy quasipaticle excitations in magnetic systems. The magnon thermal Hall conductivity κ xy is closely connected to the Berry curva- Fig. 3(a) ). (b) η = 0, parameters corresponding to veseignite BaCu3V2O8(OH)2 (same as in Fig. 3(b) ). (c) sin η = 0.4, Dz/J1 = 0.06, Dp/J1 = 0.06, and J2/J1 = 0.03 corresponding to the parameters in Ref. [40] with in-plane DMI appended. The blue lines are the gapped bulk bands and the green lines are the gapless edge modes.
ture [23] ,
Here, g (ε nk ) is the Bose distribution function g (
. The (low) temperature dependence of κ xy of the coplanar spin configuration is plotted in Figure 6 with the parameters of KFe 3 (OH) 6 (SO 4 ) 2 and BaCu 3 V 2 O 8 (OH) 2 , respectively. Both showing monotonically increasing behaviour, very similar to the previous temperature dependence of the non-coplanar configuration caused by D p in Ref. [41] . Fig. 4(c) . The "monopole" at the Γ-K line is indicated by the red square.
That means that the in-plane DMI dominates the Halltype spin transport in the system even if there is a small canting angle. However, while the canting angle increases with D p (cf. Eq. (9)), the role of the in-plane DMI on κ xy of the non-coplanar spin configures is complex as shown in the following.
A. Small canting angle
As given in the Eq. (10), the fictitious magnetic flux K φ is composed of three main contributions as η = 0. When the canting angle η is smaller than about 0.1, we have
given that the out-of-plane
J1
) and the dynamic fluctuation δχ ijk (principally from H Φ Dp ). Moreover, when the canting angle is very small (η ≈ 0), the dynamic δχ ijk becomes the dominant mechanism of topological magnon bands. So it is not strange that one can still have a large thermal Hall effect even the scalar chirality χ ijk ≈ 0. On the other hand, to exclude a phononic contribution from the thermal transport, the sign changes in κ xy induced by the Chern number (K Φ ) sign alternation is incisive when varying the external magnetic field. Such the phase transition point can be estimated based on the Eq. (9) and Eq. (10), 2 ) with the parameters of KFe 3 (OH) 6 (SO 4 ) 2 , which is in consistent with the numerical result (B/J 1 ∼ 0.06) [41] . Given that J 1 = 3.18 meV, κ xy undergoes sign changes at B ∼ 1.6 Tesla, which can in turn be used for valuing the strength of the in-plane DMI of the frustrated kagome antiferromagnets. 
B. Large canting angle
For the non-coplanar umbrella spins with large canting angle (cos η ≪ 1), Eq. (10) indicates that the contribution of the in-plane DMI H φ Dp is tiny compared to the H φ J1
and H Φ Dz . It seems that the effect of H φ Dp on the magnon topological properties could be negligible. However, it is not true from the point view of spin symmetry. As shown in Fig. 5 , the in-plane D p breaks the global spin rotation symmetry and results in a finite gap at the Γ point. We have then fully gapped magnon bands in the entire Brillouin zone, which provides an energy barrier for thermal excitations. Thus, it is anticipated that the thermal Hall conductivity with the in-plane DMI will be smaller than the value without D p , as indicated by the c 2 function as well [23] . Figure 8 displays the comparison of κ xy with/without D p under the large canting angle, respectively. As expected, the presence of in-plane DMI blocks the excitations and suppresses the thermal Hall effect.
V. CONCLUSIONS
In summary, we have shown that the fluctuation of scalar spin chirality δχ ijk is directly related to the magnonic transport in spin systems. For the magnetically ordered system with nonzero δχ ijk and fictitious magnetic flux K Φ in terms of the DMI, the time-reversal symmetry is dynamically broken and topologically nontrivial bands of magnons can be expected. Based on these considerations and detail analysis for the frustrated kagome antiferromagnets with the in-plane DMI, it was found that the in-plane DMI can give rise to topological magnon bands with chiral edge modes and non-zero Chern number even in the case of coplanar q = 0 Néel state. The proposed model has been applied to real antiferromagnets to discuss the effects of in-plane DMI on the magnon thermal Hall responses and resolve the con- tradictory of large thermal Hall conductivities but with tiny spin chirality. For the non-coplanar spins with large canting angle η, the gapped magnons induced by the inplane DMI is considerably suppressed the thermal excitations and reduces the thermal Hall conductivity κ xy . In this regard, the present study generalises the No-go theorem for the antiferromagnetically coupled systems and clarifies the mechanism of nontrivial topology in magnon systems.
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• magnetic configuration. Thus, the classical energy reads [44] 
By minimizing the energy, the canting angle η is determined by,
Up to the first order, η is given by
For the magnonic properties, it is necessary to perform a local coordinate transformation for getting the spin-wave excitation above the groudstate, 
where S ′ i is the local spin operator, (A, B, C) are three sublattice sites as depicted in Fig. 2 . Then the Hamiltonian Eq. (8) can be rewritten as 
Obviously, several terms that can be rewritten as the fictitious magnetic field coupling with spin chirality provide anomalous velocity of the magnons, they are
We have neglected the flux term coming from H J2 . Because the magnitude of J 2 sin η is far less than J 1 sin η and D p cos η under the condition of small canting angle η. Following the Holstein-Primakoff approach, the local spin operators are expressed by the bosonic annihilation and creation operators as S 
where γ We can immediately see that Eq. (B7) is manifestly gauge independent. It is more advantageous to use Eq. (B7) to replace the Eq. (B3) as the Berry curvature does not depend explicitly on the phases of eigenvector. Obviously, the Berry curvature and the Chern number calculated by the Eq. (B7) are in accord with the relations,
Ω ij;α (k) = −Ω ij;α+N (−k)
as derived in Ref. [55] .
